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We consider an order acceptance and scheduling model with machine availability constraints. The man-
ufacturer (machine) is assumed to be available to process orders only within a number of discontinuous
time intervals. To capture the real-life behavior of a typical manufacturer who has restrictions of time
availability to process orders, our model allows the manufacturer to reject or outsource some of the
orders. When an order is rejected or outsourced, an order-dependent cost of penalty will occur. The
objective is to minimize the makespan of all accepted orders plus the total penalty of all rejected/outsour-
ced orders. We study the approximability of the model and some of its important special cases.
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1. Introduction

Order acceptance and scheduling (OAS) has attracted consider-
able attention from scheduling researchers as well as production
managers who practice it in the past a few decades. The key issue
in OAS is to balance order acceptance (to increase revenue and
guarantee satisfaction to customers) and order rejection (to reduce
production load so as to meet production capacity restrictions). In
traditional OAS models the manufacturer (machine) is usually as-
sumed to have the capacity of processing orders continuously.
But in reality, production could be interrupted due to some poten-
tial reasons such as machine breakdown/maintenance, production
setup, and worker vacation, which leads to the scenario that there
are only a number of discontinuous time intervals available to pro-
cess the orders in question. When production capacity and ma-
chine available time have restrictions, to reduce production load,
the manufacturer may have to reject some orders which have long
processing times but contribute relatively small profits, or out-
source the production of some orders, in which case the profit of
those outsourced orders is reduced. In this paper we study a sin-
gle-machine OAS model with machine availability constraints. In
the proposed model, the manufacturer (machine) is available to
process orders only within a number of given discontinuous time
intervals, and she is allowed to reject some orders. When an order
is rejected, an order-dependent penalty will occur. The manufac-
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turer needs to balance the production capacity (the makespan of
completing all accepted orders) and the total penalty of all rejected
jobs.

OAS has been studied extensively in the production scheduling
literature. Guerrero and Kern (1988) provided the rational how to
accept and reject orders effectively. Slotnick and Morton (1996)
and Ghosh (1997) studied single-machine OAS with the objective
of maximizing revenue minus weighted lateness penalties. Slot-
nick and Morton (2007) extended their previous work (Slotnick &
Morton, 1996) by replacing lateness with tardiness in the objective
function. Rom and Slotnick (2009) developed a genetic algorithm
for the same problem and compared it with the myopic heuristic
given in Slotnick and Morton (2007). Talla Nobibon and Leus
(2011) studied an OAS model with “firm planned orders as well
as potential orders”. Oguz, Salman, and Yalcin (2010) included se-
quence-dependent setup times and two-level due-dates in an OAS
model with weighted tardiness. Cesaret, Oguz, and Salman (2012)
developed a tabu algorithm for the same problem and compared it
with the two heuristics proposed in Oguz et al. (2010). Yang and
Geunes (2007) considered an OAS model with controllable pro-
cessing times. Chen and Li (2008), Lee and Sung (2008, 2008) and
Qi (2008, 2009, 2011) considered OAS models with outsourcing op-
tions. An excellent literature survey on the topic of OAS is provided
by Slotnick (2011) recently.

OAS is actually equivalent to machine scheduling with rejection
(MSR) in mathematics. Bartal, Leonardi, Marchetti-Spaccamela,
Sgall, and Stougie (2000) first introduced a multi-processor MSR
model to minimize the makespan of all accepted jobs plus the total
rejection penalty of all rejected jobs. Seiden (2001) and Hoogeveen,
Skutella, and Woeginger (2003) studied the on-line version and the
off-line version in Bartal et al. (2000) when job preemption is
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allowed, respectively. Epstein, Noga, and Woeginger (2002) consid-
ered on-line MSR with unit-processing-time jobs and the total
completion time of all accepted jobs. Engels et al. (2003) studied
single-processor MSR with total weighted completion times of all
accepted jobs, and recently, Kellerer and Strusevich (2013) im-
proved the related results. MSR models with industrial applica-
tions are studied by Cheng and Sun (2009), Zhang, Lu, and Yuan
(2009, 2010), Lu, Zhang, and Yuan (2008), Lu, Cheng, Yuan, and
Zhang (2009), among others. A very recent survey on MSR is pro-
vided by Shabtay, Gaspar, and Kaspi (2013). All of the OAS and
MSR models mentioned above have the potential assumption that
machines can process jobs continuously, which differ from our
model.

Our model is an extension of machine scheduling with avail-
ability constraints (MSAC). MSAC also has been studied exten-
sively. The surveys of MSAC are provided by Schmidt (2000) and
Ma, Chu, and Zuo (2010). In this paper we consider a single ma-
chine model and the criterion of all accepted jobs is to minimize
the makespan. Therefore, in the following we only review the pre-
vious work of MSAC with a single machine, and whose objective is
limited to minimization of makespan. For convenience, define
MSAC-k to be the MSAC problem to minimize makespan with a sin-
gle machine and k time intervals during which the machine is not
allowed to process jobs. Lee (1996) showed that MSAC-1 has been
NP-hard, and that MSAC-k is NP-hard in the strong sense if k is
arbitrary. He, Ji, and Cheng (2005) proposed a fully polynomial
time approximation scheme (FPTAS) for MSAC-1. Breit, Schmidt,
and Strusevich (2003) showed that no polynomial time approxi-
mation algorithm with a fixed performance ratio exists for
MSAC-2. When every job also has a delivery time, Yuan, She, and
Ou (2008) showed that MSAC-k can be solved by a pseudo-polyno-
mial time algorithm if k is fixed. They also developed a polynomial
time approximation scheme (PTAS) for MSAC-1. Kacem (2009)
studied a similar problem to Yuan et al. (2008), and proposed an
FPTAS by exploiting the well-known approach of Ibarra and Kim
(1975). Wu and Lee (2003), Gawiejnowicz (2007), and Ji, He, and
Cheng (2006) studied MSAC with deterioration, where the process-
ing time of a job is a linear function of its starting time. To the best
of our knowledge, our model is the first to examine OAS with ma-
chine availability constraints.

We now describe our problem formally as follows. Given a set
of njobsJ={J1.)2,....Jn} and a single machine, each job J; € J is asso-
ciated with a processing time p; and a rejection penalty w;. Job J; is
either accepted and then processed on the machine, or it is rejected
by the machine and then a rejection penalty w; is paid. Penalty w; is
regarded as the cost of losing or outsourcing job J;. Also given
2m + 1 integers ao,ay,. . .,dz, suchthat 0 =ag < a; < --- < dy;,, We as-
sume that in the planning horizon the machine is available to pro-
cess jobs within time intervals [ay;,, +oo) and [api_p, azi_q] for
i=1,2,...,m, but it is not allowed to process any job during time
interval (ay;_1, ap;) for any i=1,2,...,m. In order words, there are
m Uls (time intervals during which the machine is not allowed to
process jobs) and m +1 Als (time intervals during which the ma-
chine is allowed to process jobs) in the planning horizon. Let A
be the set of jobs accepted, and R =J\A be the set of jobs rejected.
Define G4 to be the makespan of A, i.e., the completion time of
the last accepted job. The problem is to determine A and a feasible
schedule of jobs in A on the machine so as to minimize the objec-
tive function Z = Cpex + Z]ingj, i.e., the makespan of all accepted
jobs plus the total penalty of all rejected jobs. Denote the proposed
problem with m Uls (or, equivalently, m + 1 Als) by P,

In our model, we assume that the machine can process at most
one job at a time, that job preemption is not allowed, and that p;
and w; are non-negative integers for j = 1,2,...,n. For convenience,
we introduce the following notations, which will be used through-
out the paper:

the total processing time of all the
jobs;

the set of jobs with processing
times less than their rejection
penalty;

the set of jobs with processing
times no less than their rejection

P =31

U={J;eJiw;>p;}

V={j;eJw; <pj}

penalty;
P(U) =37 cubj the total processing time of all the
jobs in U;
o* the optimal solution;
A* the set of all accepted jobs in ¢*;
R* =]\A* the set of all rejected jobs in ¢*;
Crax the makespan of A% i.e., the

completion time of the last
accepted job in A*.
Z" = Chax + 2jer' W the objective function value of ¢*;
om+1 = Aym + P the largest possible makespan of
all accepted jobs in *;
the length of the ith Ul
(i=1,2,...,m);
the length of the ith Al
(i=1,2,...,m+1).

Li=az — azi_1

!
Li =31 — @i

Note that if P(U) < a4, it is easy to obtain an optimal solution
where all the jobs in U are accepted and all the jobs in V are re-
jected. Also note that if there exists some o € {1,2,...,m} such that
L), > P, thenit is easy to show that no job should be processed after
a,,_1 in any optimal solution. Thus, we can ignore the Uls after
a,,_1 Without destroying optimality if such o exists. Without loss
of generality, in the remainder of this paper we assume P(U) > a,
and

L<P (i=12,....m). (1)

The rest of the paper is organized as follows. In Section 2 we de-
velop a pseudo-polynomial algorithm to solve problem P'™ when
m is fixed. In Section 3 we provide non-approximability results
to problem P™ when m> 1. In Section 4 we present an FPTAS
for the special case P'"). In Section 5 we develop a (2 + €)-approxi-
mation for the special case with L; =L’ and L;=L fori=1,2,...,m.
Some concluding remarks are provided in Section 6.

2. A pseudo-polynomial algorithm when m is fixed

Note that if m is arbitrarily, then it is easy to show that problem
P(™ js NP-hard in the strong sense by reducing from 3-PARTITION,
and thus an optimal pseudo-polynomial algorithm for P™ does
not exist (Garey & Johnson, 1979). Therefore, in the remainder of
this section, we assume that the value of m is fixed. We will pres-
ent a pseudo-polynomial algorithm to solve P'™ when m is fixed.

Consider C; ., the makespan of all accepted jobs in optimal

max’

solution ¢* Assume that
o2 < Crgy < G2t

for some pe{1,2,...,m+ 1}, i.e,, the last accepted job in ¢* is pro-
cessed and completed within the uth Al [ay,_»>, a,_4]. Provided
the value of u, we will present a pseudo-polynomial algorithm to
solve P'™ in the following.

We first study the situation when p=m+ 1, in which case we
will develop an O(nP™) optimal dynamic program (DP) to solve
P(™. Define J, to be a dummy job with zero processing time, and
fix Jo to be accepted and processed on the machine at time ay,
(i.e., Jo is the first accepted job processed within the last Al). We
schedule J, before the scheduling of any job in our DP. Scheduling
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Jo has a contribution of ay,, to the objective function value. Due to
the existence of Jo, for any job J; (j=1,2,...,n), no matter it is re-
jected, or processed within the (m+ 1)th Al, its contribution to
the value of the objective function is equal to

pj = min{p;, w;}.

Based on such an insight, we are now ready to present our DP for
the case with y=m + 1. Our DP will keep track of the total process-
ing time of the jobs scheduled within each of the first m Als when
scheduling the n jobs one by one. Denote the problem instance con-
taining only the first j jobs J1,J2,...,J; by I;. For any j=1,2,...,n and
g =0,1,...,L;, define G{(gy,...,gn) as the minimum total cost to I;
such that the total processing time of all accepted jobs assigned
to Al [ay;_», ay;_1] is equal to g; fori=1,2,...,m. To develop recursive
relations, consider the following two cases:

Case a. Job J; is rejected, or it is processed within the (m + 1)th
Al In this case, we have Gj(g;,...,8n) = Gj-1(81,---,8m) +D}-
Case b. Job J; is accepted and scheduled to the ith Al for some
ie{1,2,...,m}. In this case, we should have g; > p; and Gj(g1,-
&1, -.8m) =Gj_1(g1,- - -.&i~1,& — Dj»&+1,---» &n) as J; does not
contribute to the value of the objective function.

Combining the two cases above, we have the following dynamic
program DP;:

(I) Recurrence relation: For j=1,2,...,n,i=1,2,...,m and

Gi(g1--.&m) =MiNq Gi1 (81, &) + P, Min  {Gi1(81,---.8i1:8i — Pjs8iv1s--8m)} -
1<i<m

st.g >p;
(II) Boundary condition:

o, fg =g = =g,=0;

GO(g'lv"'vgm) = {+OC, otherwise.

(II) Objective:

min{Gn(gh...,gm)lgigm, 0<g <L, gigP}.
i=12,..m

1

Consider the complexity of DP;. Note that L <P for
i=1,2,...,m (by (1)). The recursive function has at most O(nP™)
states for Gj(g,...,8m), and each recursion can be calculated in
O(m) = 0(1) time. Therefore, DP; has a complexity of O(nP™).

We now study the situation when u < m. For this case, we devel-
op another DP to solve the problem. The new DP is similar to DP;, but
it needs to keep track of the total processing time of the jobs pro-
cessed within each of the first u Als. It is not difficult to design such
a DP with complexity of O(nP"). We would like to point out that the
new DPis actually applicable to the situation when i = m + 1, but the
corresponding time complexity is O(nP™1). To reduce complexity,
we develop DP, to handle the situation when = m + 1 additionally,
so that the overall time complexity of our algorithm is bounded by
O(nP™). We thus have the following theorem.

Theorem 1. Problem P(™ can be solved in O(nP™) time when m is
fixed.

3. Non-approximability results

In this section, we study the approximability of problem P,
We will show that P'™ does not admit a polynomial time
approximation algorithm with a constant worst-case bound when

m > 1, and that a 2-approximation exists for the special case with
P(U) > ayp. As we will use the well-known NP-hard problem PAR-
TITION (Garey & Johnson, 1979) in our analysis, for convenience,
we state PARTITION in advance here: Given a set of t positive inte-
gers S={ej,e,,...,e;} such that 3¢_,e; = 2B. The question is to de-
cide if there is a subset §' C S such that 3°, .ve; = 3, .ss€ = B.

Theorem 2. When m > 1, problem P(™ does not admit a polynomial
time approximation algorithm with worst-case bound better than 2"
unless P= NP.

Proof. We use the gap reduction from PARTITION. Given an
instance I of PARTITION, construct an instance I' of P'™ as follows.
There are n =t jobs, where the processing time and rejection pen-
alty of job J; are (p;, w;)=(e;, 2"(2B+1)) for j=1,...,t. There are
m =2 Uls: (aj, az) = (B, B+ 1) and (as, ag) = (2B + 1, 2"(2B + 1)). Such
an instance can be constructed in polynomial time. Consider the
optimal solution value of instance I'. It is obvious that the optimal
solution value of I is no less than 2B + 1. If we reject one job, the
total penalty is no less than 2"(2B + 1). Also, if there exists a job
processed after time 2"(2B + 1), the corresponding makespan also
will be no less than 2"(2B + 1). Thus, to obtain a solution value of
2B +1 is equivalent to find a subset of jobs with a total processing
time of B, so that all of the jobs in the subset are processed on the
machine within interval [0, B] without any idle time, while all of
the rest of the other jobs are processed on the machine within
interval [B+ 1, 2B + 1] also without any idle time. This is equivalent
to a solution to PARTITION. If it fails to find out such a subset of
jobs, then solution value is at least 2"(2B + 1), which is 2" times
of 2B + 1. This completes the proof. O

Through such the proof above, we can see that if a,,,, the ending
point of the last Ul, is much larger than total processing time P(U),
then it is impossible to develop a polynomial approximation algo-
rithm with a constant worst-case bound. However, as we will show
it later, if P(U) > app, i.e., the total processing time in U is greater
than the ending point of the last Ul, then a very simple heuristic
with a worst-case bound of 2 can be developed. The heuristic is de-
noted by Hy, which is described as follows: Reject all jobs in V, and
let all jobs in U be accepted and processed within time interval
[azm, +00) as early as possible in any job sequence. Let Zy, be the
objective function value of the solution generated by heuristic
Hi. We have the following theorem.

Theorem 3. Zy, < 2Z" if P(U) > ayp.

Proof. Note that we have Z* > ay,, if P(U) > ay,,. Remember that A*
and R* are the set of all accepted jobs and the set of all rejected jobs
in the optimal solution, respectively. We then have

Z'= Y i+ w = Y min{p,wi}+ > min{p;, w;}

jeA R jieA JjeR'
=" min{p; w;} = > min{p; w;} + > min{p;, w;}

Jiel Jjeu Jiev
S S

Jieu Jiev Jjev

Thus,
Zy, = tm + P(U) + > W <2P(U) + > w; <2| PU) + > w; | <2Z".
Jjev Jjev Jiev
This completes the proof. O
When P(U) > ay,, the following theorem shows that the worst-
case bound of 2 cannot be improved unless P = NP. Let € > 0 be any
given small constant such that 1 is a positive integer.
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Theorem 4. If P(U) > az,,, problem P(™ does not admit a polynomial
time approximation algorithm with worst-case bound better than
2 — € unless P= NP, even when m = 2.

Proof. We use the gap reduction from PARTITION again. Given an
instance I of PARTITION, construct an instance I” of P as follows.
Let d =284 There are n =t + 1 jobs, where the processing time and
rejection penalty of J; are (p;, w;)=(e;, 2B+ 1+d) forj=1,...,t, and
(Pe+1, Wer) =(d + 2, d + 3). There are m=2 Uls: (ay, ax)=(B, B+ 1)
and (as, a4)=(2B+1, 2B+ 1 +d). Such an instance construction
can be done in polynomial time. It is obvious that U = {J1,/,. . .,Ji+1}
and V= (. Hence, we have P(U)=2B+2+d>2B+1+d=a4= ayn.

Suppose that there is a polynomial time approximation algo-
rithm A for solving I” such that Z' < (2 — €)Z*, where Z' is the
objective function value of the solution generated by A.

Consider the answer to instance I. On one hand, if instance I has a
“YES” answer, then there exists a subset $ C S such that
D eies'€i = D ees\5'€i = B. Consider the following solution to instance
I": Accept all of jobs corresponding to S’ and schedule them within
Al [0, BJ; also accept all of jobs corresponding to S\S" and schedule
them within Al [B + 1, 2B + 1]; reject job J..1. It is easy to check that
the objective function value of such a solution is equal to 2B + 4 + d,
which is optimal. Note that d - € = 2B + 4. We thus have

7<2-6Z'=2-€(2B+4+d) =2B+4+2d—€2B+4)
<2B+4+2d.

On the other hand, if instance I has a “NO” answer, then there
does not exist a subset S; C S such that }°, gei =3, g€ =B.
As a result, at least one job among J1,J5,. . .,J: is scheduled to neither
interval [0, B] nor [B + 1, 2B + 1]. Without loss of generality, assume
such a job to be Ji, where k € {1,2,.. .,t}. Then, there are two possi-
ble cases: Either Ji is rejected, or Ji is accepted and processed
within interval [2B + 1 + d, +o0) on the machine. If job J is rejected,
we have

Z > Wi+ W= (2B+1+d)+(d+3)=2B+4+2d.

If Ji is accepted and processed within interval [2B + 1 +d, +o00), it is
easy to check that J..; should also be processed within interval
[2B+1 +d, +o0). The corresponding objective function value deter-
mined by algorithm A should have

Z' > G+ P +Pc= 2B+ 1+d) +(d+2)
+py=2B+3+2d+p,.

Note that py = ey is a positive integer. Thus,
7' >2B+4+2d.

In any case, we have Z > 2B+ 4 + 2d when instance I has a “NO”
answer.

The above analysis indicates that if Z'<2B+4+2d, then
instance I has a “YES” answer; Otherwise, [ has a “NO” answer.
Consequently, we can use approximation algorithm A to solve
PARTITION in polynomial time, which is a contradiction unless
P=NP. O

4. An FPTAS to PV

In this section we study problem P‘"), where there is only one Ul
in the time horizon. Denote the unique UI by (a, b). Note that P(
has been shown to be NP-hard when job rejection is not allowed
(see Lee, 1996), which indicates that P(*) is NP-hard in general.
We will present an FPTAS to P(Y), A family of algorithms {A|€ > 0}
is called an FPTAS of a minimization problem if A is a (1 + €)-
approximation running in polynomial time in the input size and
1 for each given €.

We will use the classical 0-1 Min-Knapsack Problem (Min-KP)
(Kellerer, Pferschy, & Pisinger, 2004) in our analysis. For conve-
nience, we state Min-KP in advance here: Given a knapsack and a
set of items; the size of the knapsack is given; associated with each
item is a given size and a given profit. The problem is to select a
subset of items into the knapsack so as to minimize the total profit
of all unselected items. It is well-known that an FPTAS exists for
solving Min-KP (see Kellerer et al., 2004).

We now present an FPTAS to P(") based on the FPTAS to Min-KP.
Our analysis is partitioned into the following two cases: (i) C;,,, > b
and (ii) G, < a.

Case (i): C,,o, > b. In this case, it is easy to see that all jobs in U
are accepted and processed on the machine in ¢*, the optimal
solution to PV, However, some jobs in V might be scheduled
within interval [0, a] in ¢* In other words, we have

UCA’ (2)

and

R CV. (3)
Let Q C A* be the set of jobs accepted and processed on the ma-
chine after time b in ¢*. Note that Q # () as C;,_. > b. It is clear that

max

Z=b+> p+ YW (4)

JieQ JjeR*
and
> p=) p<a (5)
J\(QUR") AN\Q

In order to develop an FPTAS for P() in this case, we define the
following auxiliary problem P,: (i) define a knapsack with a
capacity of a; (ii) for each job J; € U, define an item j with profit
p; and size pj; and (iii) for each job Jj € V, define an item j with
profit w; and size p;. The question to select some items to the
knapsack such that the total size of all selected items is no great-
er than a, while the total profit of the unselected items is mini-
mized. Clearly, auxiliary problem P, is equivalent to Min-KP.
Let 6, be the optimal solution to P, and Z; be the value of G,.
We will show that

Z=b+2Z, (6)

Let Q, be the set of all unselected items corresponding to U in
G4, and R, be the set of all unselected items corresponding to V
in 6,4. By the definition of P, we have

Z,=Y pi+y W (7)

J€Qq J€Ra

and

- (8)
je{1.2,...n}\(QqURq)

Let Q,, C U be the job set corresponding to Q4 and let R, C V be the
job set corresponding to R,. To prove Eq. (6), on one hand, if
b +Z; < Z*, we can construct a better solution to P") as follows: Re-
jectall jobs in R, accept all jobs in ] \ R}, process all jobs in Q} on the
machine after time b as early as possible in any sequence, and pro-
cess all jobs in J\ (R, UQ,) on the machine within time interval [0,
a] in any sequence. Consider the feasibility of such a solution to P(?),
Note that

Q,CU=J\VCJ\R,,

ie, it is feasible to partition J\ R, into two subsets: Q, and
J\ (Q,UR,). By (8), we have
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> op=

Jiel\(QURry)

pj g a,
Jje{1,2,..n}\(QqURq)

i.e,, such a solution to P! is feasible. However, by (7), the objective
function value of such a solution to P() is equal to

b+ > pj+> wi=b+> p+> wj=b+Z,<Z,

JieQq JjeRy J€Qq Jj€Rq

which is a contradiction to the optimality of ¢*. On the other hand,
ifb+Z;, > Z*, we can construct a better solution to P, as follows: Se-
lect all items corresponding to J\(Q U R*) to the knapsack. By (5) and
the definition of P,, such a solution is feasible. By (2)-(4) and the
definition of P, the objective function value of such a solution to
P, is equal to

SNp+>w=2-b<Z,

JieQ JjerR

which is a contradiction to the optimality of 6,. Thus, Eq. (6) holds.

We now show that based on the FPTAS to Min-KP, we can devel-
op an FPTAS to PV when C,,, > b easily. Assume that A, is a
(1 + €)-approximation algorithm to Min-KP. Apply algorithm Ac
to solve auxiliary problem P,. Let Z( ¢) be the objective function
value of the solution after applying A. to P,. We have

Z(A) < (1+€)Z,. 9)

Note that based on the solution generated by algorithm A,, we can
obtain_a feasible solution with an objective function value of
b+ Z(A.) for problem PV, Thus, using such an approach to obtain
a solution to PV, by (6) and (9), we have

b+Z(A) b+Z(A)
zZ b+z,

b+(1+¢€)Z, €z,

= <
b+2Z, 1+b+Z:,\l+€’

i.e,, such an approach is a (1 + €)-approximation algorithm to prob-
lem PV, and the time complexity is the same as the one of A.. In
other words, when C,,, > b, there exists an FPTAS to P(") with the

same time complexity as the FPTAS to Min-KP.

Case (ii): C,,, < a.In this case, it is easy to see that it is optimal
to reject all the jobs in V, and that P(U) > a. Without loss of gen-
erality, we assume V=0 in this case. Note that in the optimal
solution to PV in this case,

D EDUEDY DS DT

JjeA” JjerR Jieu Jjen\ar JjerR
=Y P+ > wi=PU)+ > (w-p). (10)
JjeR" JjeR* JieR"

Also note that w; — p; > 0 for any J; € U. This indicates that to obtain
the optimal objective function value Z*, it is equivalent to deter-
mine a set of accepted jobs A* such that Z] ea'D; < a and the value
of Z] cow (W —pj) = ZJ - (Wj—pj) is minimal. Based on such an
1r151ght we deﬁne the followmg auxiliary problem P;: (i) define a
knapsack with a capacity of a and (ii) for each job J; € U, define
an item with profit w; — p; and size p;. The question to select some
items to the knapsack such that the total size of all selected items
is not greater than a while the total profit of the unselected items is
minimal. Clearly, auxiliary problem P, is equivalent to Min-KP. It is
easy to see that an optimal solution to P, can be transferred into an
optimal solution to P immediately when C;ox < a. Similar to Case
(i), we now show that based on the FPTAS to Min-KP, we can
develop an FPTAS to PV easily. Remember that A is a (1+¢€)-
approximation algorithm to Min-KP. Let Z’( ¢) be the objective
function value of the solution generated by applying A. to solve
P,. Then,

Z(A)<(1+6)> (w—p)). (11)

JjeR

Let Z' be the objective function value of the solution to P trans-
ferred from the solution generated by A.. Thus, by (10) and (11),
we have

Z'=P(U)+Z(A) <PU)+ (1+ €)Y (w;—p))

JjeR

<1+ [ )+ > (W 1+e7Z.
JjeR*
This indicates that there exists a (1 + €)-approximation algorithm to
P(U and the corresponding time complexity is the same as the one
of A.. In other words, when C;,,, < a, there also exists an FPTAS to
P with the same time complexity as the FPTAS to Min-KP.
Summarizing the analysis of Cases (i) and (ii), we have pre-
sented an FPTAS to P(") with the same time complexity as the
FPTAS to Min-KP. So far, the best FPTAS to Min-KP is designed by
Kellerer and Pferschy (1999, 2004, 2004) with the time complexity
of O(n/e). Therefore, we have the following theorem.

Theorem 5. There exists an FPTAS to problem P(" in O(n/e) time.

Remark 1. For the variant of P‘™ when job preemption is allowed,
it is easy to show that such a variant is actually equivalent to prob-
lem P, Thus, PU™ is still NP-hard even when job preemption is
allowed, and an FPTAS exists for such a variant.

5.When L;=Land L; =L

In this section we consider the special case of P‘™ when the
length of each Al is identical, and the length of each Ul is also iden-
tical, i.e, L = L' and L;=L fori=1,2,...,m. This case happens when
the working hour on each day is fixed, or when machine mainte-
nance activities are periodic (Ji, He, & Cheng, 2007). Denote such
a special case by P,. Without loss of generality, we assume p; < L’
and w; > 0 for any J; € J in problem P, (note that if p;> L' or w; =0,
then it is optimal to reject J;). We still let the optimal solution to
P, be ¢* and let Cmax and Z* be the makespan and the objective
function value of ¢, respectively. Let € be any given small constant
such that 1/e is a positive integer. We will present an efficient heu-
ristic to solve P, with a tight worst-case bound of 2+ € in the
remainder of this section.

In order to develop the desired heuristic, we first partition J into
1 + n/e subsets. We define

So={J; eJjw; > L' +L}

and

- (i—1)(L +L)e i(L' +L)e
si:{]j€]T<Wj<T
fori=1,2,...,nfe. Forany J; €S;, i=1,2,...,n/¢, let
W = (i-1)(L+L)e

n
be the modified rejection penalty. Clearly,

(12)

Define T to be the problem instance the same as the original
problem P,., except that the rejection penalty of each job
JeSic] is replaced by w; = =DEHe i — 12 . n/e. Define T'

to be the problem instance the same as l except that jobs in J are
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resumable, i.e., job preemption is allowed when a job encounters a
UI during processing on the machine. Clearly, the objective func-
tion value of the optimal solution to I’ is a lower bound of the opti-
mal solution value to P,. Based on such an insight, the major flow
of our approach is as follows. We first develop a polynomial-time
algorithm to determine an optimal solution to I, based on which
we construct a feasible solution to I. Based on the constructed solu-
tion to I, we can obtain a feasible solution to the original problem
P, by replacing the scaled rejection penalties by the original ones
for all rejected jobs in the solution.

To start our approach, we first develop a polynomial time algo-
rithm to solve I optimally. Let

J=J\S
and let
N=1]|

be the number of jobs in J. Without loss of generality, we assume
that the jobs in J are the first N jobs in], i.e.,J = {J;,)5,. . .,Jy}. Define

L +De
n

and
AX) = x — {HLLJ (L+1L)

foranyx > 0.Forj=1,2,...,Nand t=0,1,...,nN/¢, define ¢j(t) to be
the objective function value of the optimal solution to the instance
containing only the first j jobs of J in I', such that the total modified
penalty of the first j jobs is equal to tK. To develop recursive rela-
tions, consider the following two cases:

Case 1. we have

Job Ji is case,

Y

@;(t) = @4 (t - K) + Wj.

rejected. In this

Case 2. Job J; is accepted and processed on the machine. Note
that jobs are resumable in problem instance I'. In this case,
the makespan of the first j — 1 jobs on the machine is equal to
@j_1(t) — tK. Then, L' — A(¢j_1(t) — tK) represents the remaining
space of the Al corresponding to the makespan of the firstj — 1
jobs. If I’ — A(@j_1(t) — tK) = p;, then the processing of J; can be
completed within the same Al, in which case the makespan of
the first j jobs is equal to ¢;_4(t) — tK + pj, and the total cost is
equal to @;_4(t) + p;. However, if L' — A(¢p;_4(t) — tK) > pj;, then
the processing of J; can be completed within the next Al of the
current one (note that p; <L), in which case the makespan of
the first j jobs is equal to ¢;_4(t) — tK+ p;+ L, and the total cost
is equal to ¢@;_4(t) +p; + L.

Combining the analysis of Case 1 and Case 2, we have the fol-
lowing dynamic program DP;:

(I) Recurrence relation: For j=1,2,...,N and t=0,1,...,nN/e,

min {(pH (&) +Dj, 01 (t - %) + \7\/]},
Q’j(t) = . W, _ o1t
min {%‘4 O+p;+L o, (t - 7]) *"Vi}’ if L' =A@y (6) - tK) <.

if L — Al (t) - tK) > p;;

(II) Boundary condition:
(t)i{o, if t=0;
Pol) =1\ foo, otherwise.
(III) Objective: min{¢pn(t)| t=0,1,...,nN/e}.

The time complexity of DP, is bounded by O(N*n/€) = O(n?/€).
Assume that

@n(t) = min{oy(t)[t =0,1,...,nN/e},

where t € {0,1,...,nN/€}. Let R; be the set of all rejected jobs in the
optimal solution corresponding to ¢,(t). Based on the solution gen-
erated by DP,, we further assign the jobs in Sy one by one to the ma-
chine as early as possible, so as to generate a solution to I'. Denote
such a solution to I' by &%, and let Z; be its objective function value.
Note that Z, — tK represents the makespan of all accepted jobs in
solution &. It is easy to check that no job in S, should be rejected
in the optimal solution to I'. Thus, &; is optimal to I, which further
indicates that

72.<7". (13)

Based on solution 67, we now construct a feasible solution 67 to
problem instance I as follows: In &3, all jobs in R; are rejected and
all jobs in J \ R; are accepted; The jobs in J \ R; are assigned to the
machine as early as possible in the longest-processing-time-first
(LPT) order. Denote the objective function value of &; by Z;. Note
that Z; — tK represents the makespan of all accepted jobs in solu-
tion ;. We have the following property.

Lemma 1. Z; — tK < 2(Z, — tK).
Proof. We assume that

> op =i+,
Jiel\Re

where 0 <6 <L’ and Z is a nonnegative integer. We then have
Z,—tK = AL +L)+9.

If 7=0, then Z; — tK = § = Z, — K, and the result holds. We only
consider the case with 4 > 1 in the following analysis. Suppose
Z; — tK > 2/(L' + L) + 6. Then, there must exist at least one job in
J\ R; that is assigned to the (24 + 1)th Al by the LPT rule. Assume
Iy € J\ R to be the last job assigned to the (24 + 1)th AL If p, <L/
2, then the total processing time of the jobs that have been assigned
to any of the first 2/ Als is greater than L'/2 as J,, fails to be assigned
to any of them. If p,, > L'/2, then according to the LPT rule, any of the
first 22 Als has been assigned a job with a processing time no less
than p,,. Thus, in each of the two cases, the total processing time
of the jobs assigned to the first 2. Als is greater than AL'. This indi-
cates that after assigning the jobs to the first 2. Als, the total pro-
cessing time of the jobs remaining in J\R; is less than
AL +6 — 2L =6 <L'. This further indicates that all of the jobs
remaining in J \ R; can be assigned to the (2. + 1)th Al with a job
completion time less than 2 A(L' +L)+ 6. This is a contradiction.
Thus, we have Z; — tK < 2A(L' + L)+ 6 < 2(Z, - tK). O

Based on solution &;, we now construct a feasible solution o; to
the original problem P, by replacing rejection penalty w; by the
original one w; for any job J; € R:. Denote the objective function va-
lue of o; by Z;. We also have the following property.

Lemma 2. If Cj,,, > L' +L thenZ; < (2 + €)Z".

Proof. Note that tK =37, 7 w;. Thus, if Z* > C;

wax = L'+ L, then by
Lemmas 1 and (12),

_ = = _ L+L)e = N(L+L)e
Z;:sztK+ZWj<2(Zf7t1()+z<wj+u>gZZ;Jr?

— — n
JjeRe JieRe
K22+ (L+LYe<2Z +eZ"=2+€Z". O

By Lemma 2, if C,,,,, the makespan in the optimal solution, is no
less than L + L, then the proposed approach is a (2 + €)-approxima-
tion to P, with the running time bounded by O(n®/€). Note that if
Crax < L+ L', orequivalently, C;,,, < L', then we can apply the FPTAS
to PV in Case (ii) to solve P, with a worst-case bound of 1 + € and

time complexity of O(n/e). We thus have the following theorem.
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Theorem 6. There exists a (2 + €)-approximation to problem P, with
the time complexity of O(n’/e).

Note that when job rejection is not allowed, P, is the same as
the one in Ji et al. (2007). Ji et al. (2007) have shown that the
worst-case bound of the LPT rule to solve the corresponding prob-
lem is 2, and the bound is tight. Therefore, our worst-case bound of
2+ ¢ is also tight for solving problem P..

6. Conclusion

In this paper, we study an order acceptance and scheduling
model with machine availability constraints. The objective is to
minimize the makespan of all accepted orders plus the total rejec-
tion penalty of all rejected orders. We develop a pseudo-polyno-
mial algorithm for the case with a fixed number of Uls (time
intervals during which the machine is not allowed to process jobs).
We show that no aproximation algorithm with constant worst-
case bound exists for the problem in general. We also show that
if P(U), the total processing time of all the jobs each of which has
a processing time less than its rejection penalty, is greater than
the ending point of the last Ul, then a simple heuristic with a
worst-case bound of 2 can be easy to develop, and such a worst-
case bound is shown to be best possible. We further give an FPTAS
for the case with a single Ul by applying the existing FPTAS for the
0-1 Min-Knapsack Problem. Finally, we present an efficient (2 + €)-
approximation for the special case in which Uls and Als are identi-
cal and periodic, where € can be any small constant.

For future research, it is an interesting research topic of whether
the worst-case bound of 2 + € for problem P, could be improved to
2.1t is also interesting to develop efficient exact algorithms to solve
the proposed problem. The model with other objective functions is
also worth considering.
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