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What is Clustering?

o Find K clusters (or a classification that consists of K clusters) so
that the objects of one cluster are similar to each other whereas
objects of different clusters are dissimilar.

o Clustering Is a process of partitioning a set of data (or objects) in a
set of meaningful sub-classes, called clusters.

Clustering: unsupervised classification: no predefined classes.
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Supervised and Unsupervised

Supervised Classification = Classification
= We know the class labels and the number of ¢lasses

Unsupervised Classification = Clustering
=2 We do not know the class labels and may not know the number
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Types of Features

continuous range
Finite discrete set.
Nominal
sex of an individual
1 for a male and 0 for a female.
Ordinal
Values can be meaningfully ordered
EX. performance of a student in a class
are 4,3,2,1 = “excellent,” “very good,” “good,” “not good.”



What is a good clustering?

Internal (within the cluster) distances should be small

External (intra-cluster) should be large

Clustering 1s a way to discover new categories (classes)
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Let us now try to give some definitions for “clustering,” which, although they
may not be universal, give us an idea of what clustering is. Let X be our data set,
that is,

X ={x1,x2,...,XN}.

We define as an m-clustering of X, N, the partition of X into m sets (clusters),
Ci,...,GCy,s0 that the following three conditions are met:

m G, #Pi=1,....,m
m U2 . C =X
. Ciﬁc:_} - ﬂ:f %j:f?j = 1!*"1m

In addition, the vectors contained in a cluster C; are “more similar” to each
other and “less similar” to the feature vectors of the other clusters. Quantifying

the terms similar and dissimilar depends very much on the types of clusters
involved.



Proximity measure, either

similarity measure s(x,x,): large if x,x, are similar
dissimilarity(or distance) measure d(x;Xx,): small if x; X, are similar

large d, small s large s, small d
& O *—0
Criterion function to evaluate a clustering
® '@ ®
e . B2 , e

good clustering bad clustering



PROXIMITY MEASURES

A dissimilarity measure (DM) d on X is a function.

d:XxX >R
where R is the set of real numbers, such that

ddp e R: —>»<dp=d(x,y)<+», Vx,yeX
dix,x)=dy, VxeX
and
d(x,y)=d(y,x), Vx,yeX
If in addition
d(x,y) =dy ifandonlyif x =y
and

dx,z)=d(x,y) +td(y,z), Vx,y, zeX

(11.4)

(11.5)

(11.6)

(11.7)

(11.8)



d is called a metric DM. Inequality (11.8) is also known as the ftriangular inequal-
ity. Finally, equivalence (11.7) indicates that the minimum possible dissimilarity
level value dy between any two vectors in X is achieved when they are identical.
Sometimes we will refer to the dissimilarity level as distance, where the term is not
used in its strict mathematical sense.

A similarity measure (SM) s on X is defined as

s X XX >R

such that

dso e R: —o<s(x,p)=s0 <+, Vx,yeX



and

s(x,y) =s(y,x), VxyeX (11.1D)
If in addition
s(x,y) =59 ifandonlyif x =y (11.12)
and
s(x,Ps(y,z) = [s(x,y) +s(y,2)s(x,z), Vx,y,zeX (11.13)

s is called a metric SM.



Example 11.2

Let us-consider the well-known Euclidean distance, d> A
i
dr(x,y) = Z(xf — yi)?
f=] }

where x, y € X and x;, y; are the ith coordinates of x and y, respectively. This isa dissimilarity
measure on X, with dy = 0; that is, the minimum possible distance between two vectors of
X is 0. Moreover, the distance of a vector from itself is equal to 0. Also, it is easy to observe
that d(x,y) = d(y, x).



In the sequel, we extend the
preceding definitions in order to measure “proximity” between subsets of X. Let U

be a set containing subsets of X. Thatis,D; C X,i=1,...,kR,and U = {D4, ..., Dg}.
A proximity measure g on U is a function

P UXU—->TR

Equations (11.4)-(11.8) for dissimilarity measures and Egs. (11.9)-(11.13) for sim-
ilarity measures can now be repeated with D;, D; in the place of x and y and U in
the place of X.

Usually, the proximity measures between two sets DD; and D; are defined in terms
of proximity measures between elements of D; and D;.



Example 11.3

let X = {x1, %2, X3, x4, X5, X6} and U = {{x1,x2},{x1, x4}, {x3, x4, x5}, {%x1, X2, X3,
x4, xs}}. Let us define the following dissimilarity function:
SS ; - .
dmin(Dla Dj) xell)?,l_lylGDj dZ(xv y)
where d, is the Euclidean distance between two vectors and D;, D; € U,

The minimum possible value of dyy;, is dpi, o =0. Also, dy;, (D, Dy) =0, since the
Euclidean distance between a vector in D; and itself is 0. In addition, it is easy to see that the
commutative property holds. Thus, this dissimilarity function is a measure. It is not difficult
to see that &5, . is not a metric. Indeed, Eq. (11.7) for subsets of X does not hold in general,

since the two sets D; and D; may have an element in common. Consider, for example the two

sets {xy, x2} and {x;, x4} of U. Although they are different, their distance 4, is 0, since
they both contain a.



Proximity Measures between Two Points
Real-Valued Vectors
A. Dissimilarity Measures

The most common DMs between real-valued vectors used In practice are:

m The weighted [, metric DMs, that is,

l 1/p
dp(x,y) = (Z wilx; __Vilp) (11.14)

=1

where x;, y; are the /th coordinates of x and y,7=1,...,/,and w; = 0 is
the /th weight coefficient. They are used mainly on real-valued vectors. If

w; =1,i=1,...,l,we obtain the unweighted [, metric DMs.



Special /, metric DMs that are also encountered in practice are the
(weighted) /; or Manbattan norm,

/
di(x,) =Y wilx; — yil (11.16)

=1

and the (weighted) /. norm,

d=(x,y) = max wilxi — pil L1




The /; and /. norms may be viewed as overestimation and underestimation
of the /; norm, respectively. Indeed,it can be shown that dx(x, y)=d(x, y)=
d,(x,y) (see Problem 11.6). When/ = 1 all [, norms coincide.

Based on these DMs, we can define corresponding SMs as
\}‘D(x;y) = Dmax dp(x:y)-

m Some additional DMs are the following

/
dg(x,y) = —logy, (1 Iy yf) (11.18)
I__.f'=1 bj — ﬂj
where b; and a; are the maximum and the minimum values among the jth fea-
tures of the NV vectors of X, respectively. It can easily be shown that dg(x, y)
is a metric DM. Notice that the value of dg(x, y) depends not only on x and
7y but also on the whole of X. Thus, if d(x, ) is the distance between two
vectors x and y that belong to a set X and d;;(x,y) is the distance between
the same two vectors when they belong to a different set X . ,then, in general,

dg(x,y) # d (x,¥).



Example 11.4

Consider the three-dimensional vectors x =10, 1, 2]7, y=1[4, 3, 217, Then, assuming
that all w;'s are equal to 1, di(x,y)=06,dx(x,y)=2/5, and d-(x,y)=4. Notice that
do(x,y) <dz(x,y) <di(x,y).

Assume now that these vectors belong to a data set X that contains & vectors with max-
iImum values per feature 10, 12, 13 and minimum values per feature 0, 0.5, 1, respectively.
Then dg(x,y)=0.0922. If, on the other hand, x and y belong to an X with the maxi-
mum (minimum) values per feature being 20, 22, 23 (—10, —9.5, —9), respectively, then
dg(x,y) = 0.0295.

[

Finally, do(x,y) = 0.6455. di(x,y) = wa'\xf = Jil

! 1/p
dp(x,y) = (Z wi|x; —:Vifp)
i=1

do(X,y) = max wilx; — il

do(x,y) = J % Z( yj)z =

[
L
do(x,3) = logyg | 1 - -



B. Similarity Measures

The most common similarity measures for real-valued vectors used In practice are:

The inner product. It 1s defined as

Sinner (X, ) = -TTy = Zi:] XiVi-

In most cases, the inner product is used when the vectors x and y are normalized.

so that they have the same length a. In these cases, the upper and the
lower bounds of sijyner are +a? and —a?, respectively, and sjpner (X, ¥) depends
exclusively on the angle between x and y.



o cosine similarity measure:

xTy

(RN

Scosine(X,y) =

>

where ||x|| = \/Zi.:l xf and ||yl = \/Zizlyf are the lengths of the vectors
x and y, respectively. This measure is invariant to rotations but not to linear
transformations.

o Pearson’s correlation coefficient.
This measure can be expressed as

xdryd
Nlxalllly,ll

rPearson(X,y) =



where x; = [x1 — X,...,X7 — :?:]T and y,;, = [y1 — V,.... ) —j)]T,With
x;, yi being the 7th coordinates of x and y, respectively, and x = % Zi.zl X,

Y=17 Zi-zl ;. Usually, x; and y, are called difference vectors. Clearly,
I'pearson (X, ) takes values between —1 and +1.

A related dissimilarity measure can be defined as

1 — 7Pearson(X,Y)
2

D(x,y) =



m Another commonly used SM is the Tanimoto measure, which is also known
as Tanimoto distance [Tani 58]. It may be used for real- as well as for
discrete-valued vectors. It is defined as

xTy

sr(x,p) = (11.23)

1% + llwll* — 2y



Proximity Functions between a Point and a Set

In many clustering schemes, a vector X is assigned to a cluster C taking into account
the proximity between x and C, g (X, C).

m The max proximity function:

max(x C) = max £(x,))
yeC

m The min proximity function:

o (x,0) = mif (2, ¥)

m The average proximity function:

Frvg(X,0) = — Zp(x »

where 7. is the cardinality of C.

In these definitions, (X, y) may be any proximity measure between two points.



Example 11.9

Let C = {x1, x2, X3, X4, X5, Xg, X7, xg}, Where x; =[1.5,1.511, x5 = [2,1]], x5 = [2.5,
1.7517, x4 = [1.5,2]17, x5 = [3,2]7, x6 = [1,3.51], x7 = [2,3]], xg = [3.5,3]!, and
let x = [6,4]! (see Figure 11.6). Assume that the Euclidean distance is used to measure
the dissimilarity between two points. Then dpax(x C) = maxXyec d(x,y) =d(x, x1) =5.15.
For the other two distances we have a (x,C) = minyec d(x,y) = d(x,xg) = 2.69 and

I'I'lll'l

dhg(x,0) = 7= Y yccd(x,y) = § 3, d(x, x;) = 4.33.

L L R T I R LR R LR R R T L S R R L LR IR R R T




Typical choices for a point representative of a cluster are:

m The mean vector (or mean point)

mp=i2y

n
¢ yeC



Example 11.10

Let € = {x1, a2, X3, x4, x5}, where a1 = [1, 117, a2 =[3, 117, a3 = [1,217, x4 = [1,3]7,
and xs = [3,3]7 (see Figure 11.8). All points lie in the discrete space {0,1,2,...,6}%. We
use the Euclidean distance to measure the dissimilarity between two vectors in €. The mean
point of C'is my, = [1.8,2]17. Itis clear that my, lies outside the space where the elements of C
belong.

""""""""""""" pr————————n——p O,
........................ @ e
| %4 ; s
------------------------ P I R s
X3
........................ @i e
1 : i g




To find the mean center m., we compute, for each point x;,€C,i=1,..., 5, the sum
A; of its distances from all other points of €. The resulting values are 4; = 7.83, 4, = 9.006,
Az =06.47, A; = 7.83, A5 = 9.06. The minimum of these values is A3. Thus, x5 is the mean
center of C.




11.3 PROBLEMS

11.1 Let s be a metric similarity measure on X with s(x,y)>0, Vx,y € X and
d(x,y) = a/s(x,y),with a > 0. Prove that d is a metric dissimilarity measure.

11.2 Prove that the Euclidean distance satisfies the triangular inequality.
Hint: Use the Minkowski inequality, which states that for a positive integer p
and two vectors x = [xq,..., x;]r andy = [y1,... ,_y;]r it holds that

p 1/p ; 1/p g 1/p
(Z X1 +J’flp) = (Z Ixr'lp) + (Z U’:‘|‘D)

d-(x,y) =dx(x,y) =di(x,y)

11.6 Prove that

for any two vectors x and y in X.
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AGGLOMERATIVE ALGORITHMS

Let g(C;, Cp) be a function defined for all possible pairs of clusters of X. This
function measures the proximity between C; and C;. Let ¢ denote the current
level of hierarchy. Then, the general agglomerative scheme may be stated as

follows:

Generalized Agglomerative Schemnte (GAS)
m Initialization:
e Choose Mg = {C; = {x;}, # = 1,...,/N} as the initial clustering.
e  — O.
m Repeat:
e f = ¢+ 1

e Among all possible pairs of clusters (C,, Cg) in h; ; find the one, say
(C;, Cp),such that

min, s g(Cy, Cs), if g is a dissimilarity function (13.1)

L(C;, Cy) = ) ) o )
max, ¢g(C,, Cs), if g is a similarity function

e Define C,; = C;UC; and produce the new clustering Hy; = (-1 —
{Cr, CiPH U {Cyl.

m Until all vectors lie in a single cluster.



Example 13.1

let X = {x;,i=1,...,5}, with x;=[1,117, x, =12, 117, x3 =1[5,417, x4 =106,5]", and
x5 = [6.5,6]7. The pattern matrix of X is

1 1
2 1
DX)=15 4
6 5

| 6.5 6.

and its corresponding dissimilarity matrix, when the Euclidean distance is in use, is

0 1 5 64 74|

1 0 42 57 6.7
PX)=|5 42 0 14 25
64 57 14 0 1.1
_7.4 6.7 25 1.1 O i
When the Tanimoto measure is used, the similarity matrix of X becomes

1 0.75 0.26 021 0.18]
075 1 044 035 0.20
P(X)=1026 044 1 096 090
0.21 035 096 1 0.98
| 0.18 0.20 090 098 1

Note that in P(X) all diagonal elements are 0, since d2(x, x) = 0, while in P () all diagonal
elements are equal to 1, since sr(x, x) = 1.
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Nearest Neighbor, Level 2, k = 7 clusters.




Nearest Neighbor, Level 3, k = 6 clusters.




Nearest Neighbor, Level 4, k =5 clusters.




Nearest Neighbor, Level 5, k = 4 clusters.




Nearest Neighbor, Level 6, k = 3 clusters.

X1 X2 X3 X4 X5 X6

SREEE




Nearest Neighbor, Level 7, k = 2 clusters.

X1 X2 X3 X4 X5 X6

SRR




Nearest Neighbor, Level 8, k =1 cluster.

Xi X2 X3 X4 X5 X6

X7

SREEE

X8
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K- Means
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K-means Clustering

1. Initialize
= pick k cluster centers arbitrary

= assign each example to closest
center

2. compute sample
means for each cluster

------------------------------------------------------------------------------------------------------------------------------------------------------

3. reassign all samples to the ,‘
closest mean . @ .g

4. if clusters changed at step 3, go to step 2



